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Abstract: Some admissible gauge groups of N = 4 Chern-Simons gauged supergravity 
in three dimensions with exceptional scalar manifolds G 2 (2)/50(4), F^/USp(Q) x 
SU(2), E 6[2) /SU(Q) x SU(2), £ 7( _ 5) /50(12) x SU{2) and E 8{ _ 24) /E 7 x SU(2) are 
identified. In particular, a complete list of all possible gauge groups is given for the 
theory with G 2 (2)/5'0(4) coset space. We also study scalar potentials for all of these 
gauge groups and find some critical points. In the case of F^/USp(Gi) x SU{2) target 
space, we give some semisimple gauge groups which are maximal subgroups of F^y 
Most importantly, we construct the SO (4) x T 6 gauged supergravity which is equivalent 
to iV = 4 5*0(4) Yang-Mills gauged supergravity. The latter is proposed to be obtained 
from an 5 3 reduction of (1,0) six dimensional supergravity coupled to two vector and 
two tensor multiplets. The scalar potential of this theory on the scalar fields which are 
invariant under 5*0(4) is explicitly computed. Depending on the value of the coupling 
constants, the theory admits both dS and AdS vacua when all of the 28 scalars vanish. 
The maximal N = 4 supersymmetric AdSs should correspond to the AdS$ x 5 3 solution 
of the (1,0) six dimensional theory. Finally, some gauge groups of the theories with 
E 6{2) /SU(Q) x SU(2), £ 7( _ 5) /50(12) x SU(2) and E 8{ _ 24) /E 7 x SU{2) scalar manifolds 
are identified. 
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1. Introduction 



Three dimensional Chern-Simons (CS) gauged supergravity has a very rich structure 
Many possible gauge groups of various types are allowed [3,0. This is due to 
the duality between scalars and vectors in three dimensions. The propagating bosonic 
degrees of freedom in the ungauged theory are given by scalar fields. The gauge fields 
enter the gauged Lagrangian via Chern-Simons terms which do not introduce any ex- 
tra degrees of freedom. So, unlike in higher dimensional analogues, the dimensions of 
possible gauge groups are not restricted by the number of vector fields present in the 
ungauged theory. 

Of particular interest are non-semisimple gauge groups of the form Go x T dim °. 
This is on-shell equivalent to a Yang-Mills (YM) gauged supergravity with gauge group 
Go usually obtained from a dimensional reduction of some higher dimensional super- 
gravity H . Working with the CS gauged supergravity is much simpler than the equiv- 
alent YM type theory. This has been emphasized in U in which the comparison 
between a simple Lagrangian of the CS type supergravity and a much more compli- 
cated Lagrangian of the YM type supergravity has been pointed out. Therefore, the 
CS construction is more convenient to work with in a three dimensional framework. 

The CS gauged supergravity is generally described by gaugings of the ungauged 
theory in the form of a non-linear sigma model coupled to supergravity ||. While 
pure supergravity in three dimensions is topological, for some earlier construction of 
CS three dimensional supergravity see [0], this is not the case for the matter coupled 
supergravity. The target space for scalar fields in the theory with iV > 4 is a symmet- 
ric space of the form G/H in which the global and local symmetry groups are given 
by G and H, respectively. All symmetric spaces involved in N = 5, 6, 8, 9, 10, 12, 16 
have been given in In this paper, we will focus on the N = 4 theory whose scalar 
manifold is generally a product of two (not necessarily symmetric) quaternionic man- 
ifolds. Furthermore, we are interested in the case of symmetric target spaces and, in 
particular, the so-called degenerate case in which the target space contains only one 
quaternionic manifold. 

With the embedding tensor formalism of PJ , gaugings can be studied in a G covari- 
ant manner. This is very useful, particularly, in the case of symmetric target spaces in 
which the classification of gauge groups can be achieved by group theoretical method. 
In this formalism, the symmetric and gauge invariant embedding temsor O is intro- 
duced. It acts as a projector on the global symmetry group G to the corresponding 
gauge group G C G. In defining a consistent gauge group, the associated embedding 
tensor needs to satisfy quadratic and linear constraints coming from the closure of the 
gauge algebra and the consistency with supersymmetry. The general formulation of this 
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gauged supergravity for any value of N has been constructed in || . Some semisimple 
gauge groups for theories with N > 4 have also been given. 

Gaugings of CS three dimensional gauged supergravity with different value of 
N have been studied in various places ||, §, @, 0, 0, |If and |2f. In @, 



|I4| and [|15|, non-semisimple gaugings of the N = 4 theory with scalar manifold 
SO(4, k)/SO{4) x SO(k) have been studied. The higher dimensional origin for some 
class of gaugings has also been identified. In the following, we will study N = 4 
theory with exceptional coset manifolds and identify some of their gauge groups for 
both semisimple and non-semisimple types. All the exceptional coset manifolds for the 
N = 4 theory have been given in @. These are G 2(2) /SO{4), F m /USp(6) x SU(2), 
E m /SU(6) x SU(2), £ 7( _5)/SO(12) x SU(2) and E 8( „ 24) /E 7 x SU(2). 

Since G 2 (2) is a small group, we can give all of the possible gauge groups in a theory 
with G 2(2) /SO (4) coset manifold. We will also study scalar potentials of these gauge 
groups. The ungauged version of this theory can be obtained by a T 2 reduction of the 
minimal five dimensional supergravity, see for example [[16j and ||17|| . The S 2 reduction 
of this five dimensional theory should give the gauged version in three dimensions with 
50(3) x T 3 gauge group as proposed in f5|. But, as we will see, it can be verified that 
this gauge group cannot be embedded in (?2(2)- So, if the corresponding S 2 reduction 
exists, it is very interesting to find a description in term of the three dimensional CS 
framework. 

In the F 4 ( 4 )/?7S , p(6) x SU(2) case, we will give some admissible semisimple gauge 
groups and a non-semisimple gauge group S0(4) x T 6 . The latter is one of the interest- 
ing results in this paper and should describe an S 3 reduction of (1, 0) six dimensional 
supergravity coupled to two vector and two tensor multiplets. Dimensional reductions 
of this six dimensional theory have been studied before. Firstly, the SU(2) reduction 
of pure supergravity in six dimensions has been investigated in (18| and fll9| . This 
gives rise to SO (3) YM gauged supergravity in three dimensions coupled to three mas- 
sive vector fields. The theory is in turn equivalent to 50(3) x (T 3 ,T 3 ) CS gauged 
supergravity as proposed by with the three nilpotent generators of T 3 describing 
the three massive vector fields. Then, the SU(2) reduction of the same theory coupled 
to an anti-symmetric tensor multiplet and dimG c vector multiplets of any semisimple 
gauge group G c has been constructed in |TJ]]. The resulting three dimensional theory is 
5*0(3) x G c YM gauged supergravity without any massive vector fields since they are 
truncated out in the process of reduction. 

In this paper, we give one more example of the possible reduction of this six di- 
mensional supergravity coupled to two vector and two tensor multiplets on an S 3 . 
The reduction on T 3 giving rise to the ungauged three dimensional supergravity with 
F4(4)/USp(6) x SU(2) has been studied in details in pOf . The reduction on S 3 would 
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give the gauged version of the three dimensional theory with 50(4) or 50(4) x T 6 for 
YM and CS supergravities, respectively. We propose the corresponding reduction by 
constructing the equivalent CS gauged supergravity directly in three dimensions. As 
mentioned above, the CS version is much simpler to deal with, so this is a convenient 
starting point. Moreover, both the six dimensional theory and the resulting three di- 
mensional one are in the so-called magical supergravities whose gaugings have been 



studied recently in [£T 



We end the paper by giving some admissible gauge groups in the remaining cases 
with E m /SU(Q) x SU(2), £ 7( „ 5) /50(12) x SU{2) and E 8{ _ 24) /E 7 x SU(2) scalar 
manifolds. Apart from the 2 (2)/50(4) case, the lists of gauge groups identified in this 
paper are by no means complete. Further studies are needed in order to cover a larger 
class of possible gauge groups. 

The paper is organized as follow. In section |2|, we review the N = 4 three dimen- 
sional gauged supergravity with symmetric target spaces. The consistency conditions 
on the embedding tensor are given. We then focus on a specific case of exceptional 
cosets. Gaugings for each exceptional symmetric space are identified in section |3|, ^ 
and |5|. We also study scalar potentials for all gauge groups in the G 2 (2)/50(4) case and 
50(4) x T 6 gauging in the F^)/USp(6) x SU{2) case. The computations are carried 
out by using the computer program Mathematica. We finally give some conclusions 
and comments in section || Additionally, there is one appendix in which some useful 
formulae can be found. 



2. N = 4 gauged supergravity in three dimensions 

In this section, we review the construction of three dimensional gauged supergravities 
following M. We will repeat only relevant information to describe N = 4 theory and 
refer the reader to M for the full details. 

Three dimensional ungauged supergravities are described by nonlinear sigma mod- 
els coupled to supergravity. Coupling to N extended supergravity requires the existence 
of iV — 1 hermitean almost complex structures, f p , P = 2, . . . N, on the target space 
of the sigma model. The f IJ , I, J = 1, ... N, tensors constructed from f p via 

r = -r = r, f pQ = f [p f Q] (2.1) 

are generators of SO(N) R-symmetry. For N = 4 theory, the tensor J = ^£pQRf p f®f R 
commutes with the almost complex structures and satisfies 

J 2 = l, J ij = J ji , J=Y/ JKL f IJ f KL - (2.2) 
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Here and from now on, indices i,j = l...d label coordinates on the target space whose 
dimension is d. We will also use the flat target space indices A, B, . . . with the vielbein 
defined in the appendix. The product structure of the target space is implied by the 
fact that J is covariantly constant. So, in general, the target spaces of N = 4 three 
dimensional gauged supergravity are products of two quaternionic spaces. The dimen- 
sion of the target space is thus given by d = d + + oL with d± being the dimensions 
of the corresponding two subspaces. Each subspace describes one of the inequivalent 
multiplets. Although, in three dimensions, there are inequivalent supermultiplets for 
N = 4 mod 4, the requirement that the maximal compact subgroup SO(N) x H' C G 
must act irreducibly on the target space allows only one type of the multiplets ||. 
This is not the case for N = 4 because the R-symmetry 5*0(4) is not a simple group 
and decomposes according to 50 (4) ~ 50 (3) x SO (3), and each factor acts on the 
two subspaces, separately. So, N = 4 theory is special in many aspects compared to 
theories with other values of N. 

Unlike theories with N > 4, the scalar manifolds of the N = 4 theory need not 
be symmetric. However, in this work we are interested in the case of symmetric target 
spaces of the form G/H in which the maximal compact subgroup H contains the R- 
symmetry SO(N) or H = SO(N) x H'. As explained above, for the N = 4 theory, we 
have H = 50(3) X H' ~ 577(2) x H' for each subspace of the full target space. In this 
work, we are particularly interested in the exceptional coset spaces which are of the form 
"non-compact real form of some exceptional group/maximal compact subgroup". They 
are quaternionic manifolds G 2(2) /50(4), F m /USp(Q) x SU(2), E 6{2) /SU(Q) x SU(2), 
£V(_5)/50(12) xSU(2) and E 8 (_ 2 4)/E 7 x 577(2). Furthermore, we will consider only the 
degenerate case namely d+d- = 0. In this case, there is only one quaternionic manifold 
in the target space. The relevant formulae and useful relations for a symmetric target 
space are reviewed in the appendix. 

Gaugings are implemented by promoting some isometries of the target space to a 
local symmetry. This procedure is easily dealt with by introducing the so-called embed- 
ding tensor, QmNi which is gauge invariant. In order to describe a consistent gauging, 
the embedding tensor needs to satisfy two consistency conditions. The first condition 
called the quadratic constraint is imposed by the requirement that the gauge generators 
Jm — ®MN^ with tr being generators of G form an algebra. This constraint is given 



Furthermore, in order to be consistent with supersymmetry, there is a projection con- 
straint on the T-tensor 



by § 



(2.3) 




4 



fi[I[KrpL]M,MJ] 



2 




(2.4) 



N-2 



(N — l)(N — 2) 
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or equivalently, 

FgjT u,KL = g _ (2.5) 
The T-tensor itself is defined by the image of the embedding tensor under the map V 

Tab = V M A Q MN V M B (2.6) 

with the index A = {I J, a, A}. The linear constraint means that supersymmetry 
requires the absence of the EH representation of SO(N) in the T-tensor. The projector 
Pe projects the SO(N) representation on to the EH representation. 

For symmetric target spaces, the condition ( p.5|) can be lifted to the consistency 
condition on the embedding tensor and the map V, which is now an isomorphism, can 
be obtained from the coset representative L, see the relevant formulae in the appendix. 
The embedding tensor lives in the symmetric product of the adjoint representation of 
G. This product can be decomposed into irredeucible representations of G as 



(-Radj x -Radj) 



sym 



©ft 



or e M M = Or] M M + ^R&MN • (2.7) 

i 

VMAf is the Cartan-Killing form of G, and P^ is the G-invariant projector onto the 
representation Only one representation of R^s denoted by Rq contains the EH 
representation of SO(N) in the branching under SO(N). The condition ( |2.5| ) can then 
be written as 

P Bo T 4B = 0. (2.8) 
Using the fact that this condition is G-covariant, we can write it as the condition on 

P*o©AW = 0. (2.9) 

For symmetric spaces in the form of exceptional coset spaces, the embedding tensor 
takes the simple form 

&MN = + ®MX ■ (2.10) 

This is because there are only three representations appearing in the decomposition 
( |2.7| ) with one of them being the forbidden representation R . With this simple struc- 
ture of the embedding tensor, we can use group theoretical argument given in |§ to 
find admissible gauge groups Go C G. The arguments simply says that a semisimple 
subgroup Go C G, which is a simple group, is admissible if the decomposition of Ro 
under Go does not contain a singlet, and a semisimple subgroup Go C G of the form 
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G\ x G2 is admissible if the decomposition of Rq under G\ x G2 contains precisely one 
singlet with a fixed ratio of the coupling constants. In the next sections, we will use 
these useful conditions to determine some admissible gauge groups of the N = 4 gauged 
supergravity with exceptional cosets mentioned above. The relevant group theory de- 
compositions can be found in [^2] and [p3| . 

For conveniences, we also repeat the exceptional quaternionic spaces together with 
the decomposition of the corresponding embedding tensor as well as the representation 
R from @. 



G/H 


d 


-Radj 


(-Radj X -Radj)sym 


^2(2) 

SO(4) 


8 


14 


1 + 27+77 


*'4(4) 

USp(6)xSU(2) 


28 


52 


1 + 324 + 1053 


-^6(2) 

SU(6)xSU(2) 


40 


78 


1 + 650 + 2430 


^7(-5) 

SO(12)xSU(2) 


64 


133 


1 + 1539 + 7371 


#8(-24) 

E 7 xSU(2) 


112 


248 


1 + 3875 + 27000 



Tablel: Symmetric spaces for N = A supergravity and the corresponding Rq represen- 
tation denoted by the underlined representation. 

3. Gaugings in G 2 (2)/5'0(4) coset manifold 

In this case, the group G is given by £2(2), the split form of the exceptional group 
G2- The representation R is the 77 representation. The embedding tensor lives in the 
representation 1 + 27. We find that the appropriate real forms, which can be embedded 
in (j2(2), °f ^2 and A x x Ai subgroups can be gauged since the 77 representation of G 2 
contains none and one singlet when branched under A2 and A\ x A\, respectively. 
From this, we obtain the admissible gauge groups: 

• SU(2, 1) 

• SL(3,R) 

• SO{4) ~ 517(2) x SU{2) 

• SO(2, 2) ~ SL(2, R) x SL(2, R) ~ 50(2, 1) x 50(2, 1) . 

Since the G2 is more tractable, we can also check all other subgroups whether they 
can be gauged. First of all, one of the two 5Z7(2)'s in the 50(4) cannot be gauged 
as well as their diagonal subgroup 5£7(2) diag C (SU(2) x 5f/(2)) diag . The £7(1) and 
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U(l) x U{1) C SU (2) x SU (2) cannot be gauged. The non-semisimple group 5*0(2) x T 2 
and the nilpotent T 3 , see below, cannot be gauged either. Therefore, there are no other 
gauge groups apart from those listed above. 

The split form (?2(2) has three commuting generators ||24|| . It has been proposed in 
H that this theory with non-semisimple gauge group S0(3) x T 3 could describe the 
S 2 reduction of the minimal five dimensional supergravity. It is well-known that the 
ungauged N = 4 theory with coset space G r 2(2)/5'0(4) can be obtained from N = 2 
supergravity in five dimensions reduced on T 2 . Unfortunately, the group S0(3) x T 3 
cannot be embedded in G 2 (2) as can be explicitly checked from the generators of G 2 (2) 
given in the next subsection. So, S0(3) x T 3 is certainly not admissible. Furthermore, 
the nilpotent gauging, whose example in N = 16 theory has been given in with 
the corresponding gauge group T 3 cannot be gauged. Finally, the group G 2 (2) itself 
can be gauged but the corresponding scalar potential will be a cosmological constant. 
It is the general fact that the group G is always admissible with a constant scalar 
potential. Since the group £2(2) is quite small, the computation of the corresponding 
scalar potential for each gauge group is not so difficult to perform. We then study scalar 
potentials and the associated critical points for all of the admissible gauge groups in 
the remaining subsections. 

3.1 SO (4) gauging 

We first give the structure of the G 2 (2) coset. The maximal compact subgroup is 
SO(A) ~ SU{2) x SU{2). Therefore, there are eight scalars. Under SO(A) ~ SU(2) x 
SU(2), they transform as (2,4). This means that they are four copies of the spinor 
representation of the first SU(2). We then identify this group as the R-symmetry. The 
other SU{2) would become the group H' mentioned in section | 



We will use the explicit generators of G 2 given in |[25|| . The corresponding generators 
of the split from G 2 {2) are given in [26]. These generators are denoted by Qi, i = 



1, . . . , 14 in p6| . In order to apply our general formalism, we relabel the generators as 
follow. 

• R-Symmetry generators: T 12 = |Q 3 , T 13 = -5Q2, T 23 = \Q X 

• Non-compact generators: 

A \ ig A+6 , A=5,6,7,8 ' 1 • ' 

The coset representative can be parametrized by using the Euler angle parametrization 
given in |25 

£ _ e &iQi e &2Q2 e azQ 3 ^a^Qs ^a 5 Q 9 ^a§Q w ^bxY 2 ^VliYf, ^ 2) 
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We find the embedding tensor to be 

© = 5 , (@5C/(2)( 2 ) - 3®su(2)w)- (3-3) 

In terms of the SO (A) gauge generators Q i: i = 1,2,3,8,9, 10, the generators for the 
gauge groups, SU(2)^ and SU(2)( 2 \ are given by 

• SU(2)&: J i (1) = |Q i ,i = l,2,3, 

• SU(2)^: jf = ±Q 4+7 , z = l,2,3 . 

Using the formulae in the appendix, the scalar potential is found to be 
27 

V = — -g 2 [21 + cosh(46i) + 8(cosh&i + cosh(36i)) coshi> 2 

4cosh(26 2 ) +2cosh(26 1 )(10 + cosh(26 2 ))] (3.4) 

which does not depend on a^. There is only a trivial critical point at 61 = 62 = 0. 
The critical point preserves (4, 0) supersymmetry with the value of the potential at the 
critical point Vq = — 1296(7 2 . The full isometry of the corresponding AdS% background is 
SU(1, 1|2) x SU(1, 1). The bosonic subgroup of SU(1, 1|2) is given by SU(1, 1) x SU(2) 
P7[ . This symmetry is the same as the N = 4 superconformal symmetry in the dual two 
dimensional CFT in the context of the AdS/CFT correspondence |28]| . The SU (1,1) 
is a part of the AdS 3 isometry SO(2, 2) ~ SO(2, 1) x SO(2, 1) ~ SU(1, 1) x SI/(1, 1) 
while the SU(2) is the R-symmetry. The eight supercharges transform as (2, 2) + (2, 2) 
under SU(1, 1) x SU(2). 

3.2 50(2,2) gauging 

For the gauge group SO(2, 2) ~ SL(2, R) x SL(2, R), the generators are given by 

. SL(2,R)«: > = |Q 4 , j« = ±Q 5 , = f (Q 3 + v^Qs) 

. 5L(2,M)( 2 ); = |g u , jf = ±Q 12 , jf = i(Q 3 - ^Qs) • 

Four of the eight scalars are parts of the gauge group while the remaining four corre- 
spond to non-compact generators of another SL(2, M) x SL(2, M). The coset represen- 
tative can be parametrized by 

I _ e ai±(Q3-V3Qs) e biY 3e a2^(V3Q3+Qs) e b2Y 7 _ 

The embedding tensor is given by 

© = #(@sl(2)(2) - 3e 5i(2)( i)). (3.6) 
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Notice that the ratio of the coupling constants of the two factors is the same as in 
the SO (A) case. This emphasizes the fact that the ratio of the two couplings does not 
depend on the different real forms of the gauge group 0. 
The resulting scalar potential is given by 



v = -%t 



b 2 

21 + 4 cosh(2&i) - 40 cosh b x cosh -== 

v3 



2b 2 46 2 r 

+2(10 + cosh(2&i)) cosh —= + cosh —= — 8 coshfei cosh(v3&2 

v 3 v 3 



(3.7) 



The trivial critical point at b\ = b 2 = is a Minkowski vacuum with Vq = and pre- 
serves the full N = 4 supersymmetry. The gauge symmetry preserved by this critical 
point is the maximal compact subgroup of the gauge group U(l) x U(l). 

With the relation cosh b\ — 2 cosh ^j=, there are dS vacua with Vq = 18g 2 cosh 2 ^= cosh ^| 
depending on the value of b 2 . For both bx and b 2 non zero, the critical point beaks all 
the gauge symmetry. For b\ = or b 2 = 0, the C/(l)diag C (7(1) x U{1) is preserved. 
But, b\ cannot be zero since this will give imaginary b 2 . So, the E/(l)diag point is given 
by bx = cosh" 1 2, b 2 = and Vb = I8g 2 . 

3.3 5C/(2, 1) gauging 



By the construction given in [25], the first eight matrices q, i = 1, . . . , 8 generate the 
SU(3) C G*2- In the split form G 2 (2), this corresponds to the SU (2,1) subgroup of 
G 2 ( 2 ). The gauge generators are then given by Qi, i — 1, . . . , 8 in which the maximal 
compact subgroup SU{2) x U{1) is generated by {Qi 1 Q2)Qz\ an d Qs, respectively. 
The embedding tensor is given by 

© = 9Vsu(2,x) (3.8) 

where r]su(2,i) is the Cartan-Killing form of SU(2, 1). It does not seem to be possible 
to find a simple parametrization of the four relevant scalars corresponding to YJ, i — 
5, 6, 7, 8. Therefore, we simply parametrize the coset representative by 

L = e blY5 e b2Y6 e b3Yr e b4Y8 . (3.9) 

The potential turns out to be very long and complicated, so we will not attempt to 
give its explicit form, here. The trivial critical point at b\ = b 2 = 63 = 64 = has 
(4,0) supersymmetry and Vq = —16g 2 . The residual gauge symmetry is given by 
SU(2) x U(l). Apart from this point, it is most likely that there are no other critical 
points. However, more detailed investigations are needed in order to have a definite 
conclusion. 
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3.4 SX(3,R) gauging 



The non-compact form SX(3, M) has 5(9(3) as its maximal compact subgroup. This 
subgroup is formed by the diagonal subgroup of the two S77(2)'s in 5*0(4). Recall that 
the eight scalars transform as (2, 4) under the 5*0(4), we find that under the 5 , 0(3)di ag , 
the scalars transform as 



2x4 = 3 + 5. 



The 5 representation forms five non-compact generators and extends the 5 , 0(3)di ag to 
the full SL(3, M) gauge group. The 3 representation gives the remaining three scalars 
to be parametrized in the coset representative L. 
The SL(3,M) generators are then given by 



Ri = \{Qi + V3Q 9 ), R 2 = i(Q 2 + VSQio), Rs = \{Qz + V3Q 8 ), 

Ra = Qa, R 5 = Q 5 , R e = Qi2, R 7 = -(Q 7 + V3QU), 

Rs = \(VSQi 3 -Q e ). (3.10) 



The first three generators are those of 5 , 0(3)di ag - The coset representative is given by 

I _ e aiV3Y 6e a2V3(Yr+V3Y 3 ) e a 3 V3{Y8-V3Y4,) ^3 

The embedding tensor is similar to that of the SU(2, 1), but the Catan-Killing is now 

VSL(3) 

© = 9Vsl(3) ■ (3-12) 
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The resulting potential is given by 

V = ^g 2 [-6310 - 1848cosh(2ai) - 66cosh(4a!) - 6cosh(4a! - 6a 2 ) 

-24 cosh[2(ai - 4a 2 )] + 36 cosh[2(ai - 2a 2 )] - 6 cosh[4(a! - 2a 2 )] 

+18 cosh(4ax - 2a 2 ) + 912 cosh[2(a! - a 2 )] - 21 cosh[4(ai - a 2 )] 

-1860cosh(2a 2 ) - 30cosh(4a 2 ) + 12cosh(6a 2 ) - 36cosh(8a 2 ) 

+912 cosh[2(ai + a 2 )] - 21 cosh[4(ai + a 2 )] + 18 cosh[2(2ai + a 2 )] 

+36 cosh[2(a! + 2a 2 )] - 6 cosh[4(ai + 2a 2 )] - 24 cosh[2(a! + 4a 2 )] 

-6 cosh(4ai + 6a 2 ) - 48 cosh 2 a 2 (221 + 80 cosh(2ai) + 3 cosh(4ai) 

-(137 + 156 cosh(2ai) + 3 cosh(4ai)) cosh(2a 2 ) + 4 cosh 2 ai x 

(—5 + cosh(2ai)) cosh(4a 2 ) + 8 cosh 4 a x cosh(6a 2 )) cosh(2a 3 ) 

+96 cosh 2 a\ (3 + cosh(2ai) — 4 cosh 2 a\ cosh(2a 2 )) x 

(cosh a 2 + cosh(3a 2 )) 2 cosh(6a3) — 384 cosh 4 ai cosh 4 (2a 2 ) cosh(8a3) 

+6 cosh(4a 3 ) (290 + 320 cosh(2ai) + 6 cosh(4ai) + (325 + 340 cosh(2ai) 

+7 cosh(4ai)) cosh(4a 2 ) - 8 cosh 4 a x cosh(8a 2 ) -8(3 + 7 cosh(2ai)) x 

cosh(2a 2 ) sinh 2 a\ — 12 cosh(6a 2 ) sinh 2 (2ai))] . (3.13) 

We find some critical points shown below. 



critical point 


(ai,a 2 ,a 3 ) 


residual 
sup ersymmetry 


residual 
gauge symmetry 


V 


1 


(0,0,0) 


(4,0) 


SO{3) 


-lQg 2 


2 


(cosh -1 V3, 0, 0) 




SO{2) 


176g 2 


3 


(^cosh-y^oj 
or ^O^osh" 1 




SO{2) 


17Qg 2 


4 


(a ,a ,0) 






17Qg 2 



The a is given by COsh" 1 ^+[3(171-2^7053)1 ^+3(171+2^7053)]^ 



4. Some gaugings in F^/U Sp(Q) x SU(2) coset manifold 

In this symmetric space, we have F 4 ( 4 ), the split form of F 4 , as the global symmetry 
while the representation R is 1053. The embedding tensor lives in the 1 + 324 
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representation. This case is similar to the N = 9 theory in which the coset space is 
given by F 4 (_ 20 )/5O(9) studied in p9| . The following subgroups of F 4 can be gauged: 
50(9), G 2 x 5*7(2), USp(Q) x SU(2) and SU(3) x SU(3). It has been shown in § 
that SO(p) x 5*0(9 — p) C 50(9), p = 9,8,7,6,5 can also be gauged. Therefore, all 
real forms of the above subgroups that can be embedded in -F 4 ( 4 ) are admissible. These 
are given by: 

• 50(5,4), 50(5,3), 50(4,4), 50(5,2) x 50(2), 50(4,3) x 50(2), 
50(5, 1) x 50(3), 50(4, 2) x 50(3), 50(4, 1) x 50(4), 

and 50(5) x 50(4) or 

50(5,p)x50(4-p), p = 0,l,2,3,4, 

50(4, p) x 50(5- p), p=l,2,3,4 (4.1) 

• G m x 5L(2,M) 

• USp(6) x SU(2) and 5p(6,M) x 5L(2,R) 

• SU(3) x SU(2,1) 

The maximal compact subgroup 50(5) x 50(4) C 50(5,4) is embedded in the local 
symmetry H as USp{A) x 5*7(2) x SU{2) ~ 50(5) x 50(4) C USp(6) x SU{2). The 
other 50 type gauge groups can be embedded in 50(5,4). The gauge group G 2 (2) x 
SL{2, R) can be considered as follow: G 2(2) is embedded in 50(4, 3) C 50(4, 3) x 50(2) 
while the 50(2) forms the compact subgroup of the SL{2,R). For 5*7(3) x SU(2, 1), 
we first consider the maximal compact subgroup 5*7(3) x 5*7(2) x *7(1). The *7(3) ~ 
5*7(3) x *7(1) is embedded in *7(3) C *75p(6), and the 5*7(2) is the one appearing in 
the group H = USp(Q) x 5*7(2). 

Since the computation of the resulting scalar potentials is more complicated in this 
case, we refrain from giving these potentials in this work. The interested reader can do 
this computation by using the information about the structure of F 4 ( 4 )/*75p(6) x 5*7 (2) 
coset space given in the next subsection and in the appendix. 

It has been known that the ungauged N = 4 theory with scalar manifold -F 4 ( 4 )/*75p(6) x 
5*7(2) can be obtained from the dimensional reduction on T 3 of N = (1, 0) six dimen- 
sional supergravity coupled to two tensor and two vector multiplets, see |20j for details. 
So, we expect to find 50(4) N = A Yang-Mills gauged supergravity in three dimensions 
from a dimensional reduction of this six dimensional theory on 5 3 with 50(4) being 
the isometry group of the 5 3 . As shown in ||, the resulting three dimensional theory 
is related to the Chern-Simons gauged supergravity considered in this work with a 
non-semisimple gauge group of the form 50(4) x T 6 . The translational generators T 6 
transform as an adjoint representation of the 50(4). 
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4.1 50(4) k T 6 gauging 

We now construct N = A SO (A) x T 6 gauged supergravity with scalar manifold 



F^4)/USp(Q) x SU(2). According to p4] , the split form F 4 ( 4 ) has nine commuting 
generators, so it is possible to construct the gauge group 50(4) x T 6 C F^uy There 
is a systematic procedure to find non-semisimple gaugings by boosting the admissible 
semisimple ones, see [[| for details. In this work, we will directly look for this gauging 
by solving the consistency constraints. 

We begin with the identification of the gauge group 50(4) x T 6 . An easy way 
to do this is to consider the embedding of this group inside the 5*0(5,4) C F 4 uy We 
recall the explicit matrix form of the 52 generators of F 4 from [BO]. These generators 



are denoted by q's in |pO[ . We choose the 50(9) subgroup by taking the correspond- 
ing generators to be Cj for i — 1, . . . , 21, 30, ... , 36, 45, . . . , 52. It is more convenient 
to relabel these generators in the form X l i = i,j = 1, . . . , 9. The non-compact 

form 50(5,4) can be obtained by the Weyl unitarity trick namely multiplying J y for 
i = 1, . . . , 5 and j = 6, . . . , 9 by a factor of i. 



The relation between the q's and the X 13 has been given in the appendix of p9| , 
and we refer the reader to this work for the explicit form of X lJ 's. We now give the em- 
bedding of 50(4) x T 6 in 50(5, 4) C F^y The semisimple part 50(4) is given by the 
diagonal subgroup of the compact subgroup of 50(4,5), 50(4) = (50(4) x 50(4)) diag 
with one of the 50(4) being a subgroup of 50(5) in 50(5) x 50(4) C 50(4, 5). The 
corresponding generators are given by 

J ab = X ab + X d \ a, b =1,2, 3, 4 and 6,6 = 6,7,8,9. (4.2) 

The generators of the translational part T 6 are given by 

t ab = X ab -X &i + i(X ah + X ab ). (4.3) 

Notice the factor of i indicating the non-compact generators of F^y Using the 50(9) 
algebra satisfied by X l \ it can be easily verified that J ab = J' a ^ and t ab = v ab ' satisfy 
the algebra 

[j ab ,J cd ]=-46 [a[c J d]b \ [J ab ,t cd ] = -A5 [a[c t d]b \ [t ab ,t cd ]=0. (4.4) 

This algebra shows that the t ab indeed transform as the adjoint representation of 50(4) 
generated by J ab . Therefore, J ab and t ab generate the non-semisimple group 50(4) x T 6 . 
Follow [JTp[] in which 50(4) x T 6 N = 8 gauged supergravity described the 5 3 



reduction of N = (2, 0) supergravity in six dimensions has been constructed, we now 
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decompose the generators J and t in terms of the self-dual and anti-self-dual parts 

jab jab i ^ tco! 

J± — J =t 2 abcd ' 

£ = ^±1^. (4.5) 

These generate (50(3)+ x T 3 ) x (S0{3)~ x T 3 ) ~ 50(4) x T 6 . As a general result of 
0, the corresponding embedding tensor is of the form 

© = 9i<3>ab + 92<3>bb (4.6) 

where A and B describe the semisimple and translational parts, respectively. In the 
self-dual and anti-self-dual basis, the ansatz for the embedding is given by 

© = 9l+(@A+B+ + ®B+A+) + 9l-(@A-B- + &B-A-) 

+92+<£>b+b+ + 92-Qb-b- • (4.7) 
The quadratic and linear constraints impose the conditions 

92- = ~92+ = 92, and g x _ = -g 1+ = g x . (4.8) 



This is similar to the N = 8 theory considered in |L0| in which the consistency conditions 
also require the relative minus sign between the self-dual and anti-self-dual parts. 
We then end up with the embedding tensor of the form 

© = 9l(®A+B+ ~ &A-B- + &B+A+ ~ &B-A-) 

+92(Qb+b+ - ©B-B-). (4.9) 

Furthermore, as we will see, it turns out that the existence of the maximal super- 
symmetric AdS^ vacua at L — I requires the relation g% = g\. This is again much 



similar to the N = 8 theory studied in |10 



Since this theory describes an S 3 reduction of the (1,0) six dimensional supergrav- 
ity coupled to two vector and two tensor multiplets, it is interesting to further study the 
associated scalar potential. This is certainly useful in the AdS/CFT correspondence. 
We again refer the reader to the needed formulae in the appendix. There are 28 scalars 
in the coset manifold F^/USp{&) x SU(2). With the 26 dimensional fundamental 
representation of _F 4 , it is extremely difficult to study the full scalar potential on the 
28 dimensional scalar manifold. We then apply the group theory argument of |3l|] to 



compute the scalar potential on a submanifold of the full 28-dimensional scalar mani- 
fold which is invariant under a certain subgroup of the gauge group. 
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There are two scalars invariant under the 5*0(4) part of the gauge group. The 
coset representative parametrized by these two singlets is given by 



L = e b ^e b2Y2 



(4.10) 



where 

Y x = Y 3 - Y 4 - Y 5 - Y 8 , Y 2 = Y 9 + Y n - Y 15 - Y 17 + F 19 - Y 21 - Y 25 + Y 27 . (4.11) 
We finally obtain the scalar potential 



V = 256 2 cosh(V26 x ) cosh(26 2 ) - 2 sinh(26 2 ) [5gf - 2g\ 
+2g 2 hg 2 cosh 2 (2v / 26 2 ) + 3# 2 cosh(46 2 ) + 7gi sinh(2& 2 ) 
-cosh(v / 26i)cosh(26 2 )(7^i + 8^ 2 sinh(26 2 ))) . (4.12) 

From this potential, we find that the potential admits a critical point at b\ = b 2 = or 
L = I only for 

(4.13) 



92 = gu 



92 = ^1 



The first one corresponds to the maximal supersymmetric AdS^ point with Vq 
—I024gf. This can be checked by the condition given in M 



A IK A KJ J = _Y0 I 

1 1 4 



(4.14) 



which states that the unbroken supersymmetries are given by the eigenvalues of the 
A\ tensor that satisfy the above condition at the critical point. It can be verified that 
only g 2 = g\ satisfies this condition. 

The second possibility gives Vq = 1440g 2 which is of a dS type. Therefore, this 
supergravity theory admits both dS and AdS vacua at L = I depending on the value of 
g 2 . Our main interest here is for the g 2 = g\ case, so we will further explore this case. 

Setting g 2 = g\ = g, we find the potential 



V = 1024# 2 



sinh(26 2 ) - cosh(v / 2&i) cosh(26 2 )j [3 + 4 cosh(2V2&i) cosh 2 (26 



+6cosh(46 2 ) - 2cosh(V26 1 )(7cosh(26 2 ) +4sinh(46 2 )) 



Analyzing this potential gives the following non-trivial critical points. 



(4.15) 



At bi — and b 2 = | In there is a dS critical point with V = ^§^g 2 . 
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• There is a class of Minkowski vacua for cosh(v / 2&i) = tanh(2&2) with Vq = and 
N = 4 supersymmetry. 

We can consider a smaller residual symmetry namely SO (3) subgroup of SO (4) gener- 
ated by J 12 , J 13 and J 23 . There are five singlets given by 

Yi = I3 — Y5, Y2 = Y17 — Y27, Y3 = Ti8 — ^28, 

y 4 = y 4 + ^ = y 9 + y u - y 15 + y 19 - y 21 - y 25 . (4.16) 

Unfortunately, the computation of the potential turns out to be extremely difficult. 
Therefore, we will leave this for future works. 

There is another subgroup of 50(5, 4) which is of the form SO (4) x (T 6 , T 4 ). The 
T 4 transform as a vector (4) of SO (4) and close onto the translational symmetry T 6 . 
According to |5[, the theory with this gauge group is on-shell equivalent to the Yang- 
Mills gauged supergravity with the gauge group SO (4) coupled to four massive vector 
fields corresponding to the nilpotent generators of T 4 . The generators of this group are 
those of the SO (4) x T 6 together with the four generators of T 4 given by 

fa = X a,5 _ iX 5,a+5^ fl = 1, 2, 3, 4 . (4. 17) 

All of these generator satisfy the above mentioned algebra as can be readily verified. 

The embedding tensor for this gauge group is that of the 5*0(4) x T 6 with an 
additional component of the form g^^. It turns out that consistency conditions 
require g% = 0. So, the whole 5*0(4) x (T 6 , T 4 ) cannot be gauged. 



5. Some gaugings in E 6{2) /SU(6) x 5*7(2), E 7( _ 5) /SO(12) x 577(2) 
and £' 8 („24)/^7 x SU(2) coset manifolds 

In this section, we consider some admissible gauge groups obtained by applying the 
general group theory argument presented in section The global symmetry G in these 
cases is large, and it is even more difficult than the F i u\/USp(6) x SU(2) case to give 
all admissible gauge groups. Therefore, we will not attempt to give an exhaustive list 
for these target manifolds in this work but simply provide some examples. 

5.1 Examples of gaugings in E 6 ( 2 )/SU(6) x SU(2) coset manifold 

In this case, the group G and representation R are E 6 ( 2 ) an d 2430. The corresponding 
embedding tensor lives in the representation 1 + 650. The group theory structure is 
similar to the N = 10 theory whose scalar potentials have been studied in ]32|, but the 



scalar manifold is described by J5 6 (-i4)/'f>C*(10) x U(l) coset space. The suitable real 
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forms of the D 5 x U(l), A 5 x A\, F 4 and G 2 x A 2 subgroups can be gauged. 
Some admissible gauge groups are given by: 



• 50(6,4) x £7(1), 50(6,3) x £7(1), 50(6,2) x 50(2) x £7(1), 

50(4,4) x 50(2) x £7(1), 50(6,1) x 50(3) x £7(1), 50(4,3) x 50(3) x £7(1), 
50(6) x 50(4) x £7(1), 50(4,2) x 50(4) x 7(1), 
and 50(4, 1) x 50(5) or 



• 57(6) x 57(2) and 57(3,3) x 5L(2,M) 

• ^4(4) 

• G m x 57(2, 1) . 

The embedding of the 50(6,4) x 7(1) can be given as follow. We first consider the 
decomposition of 57(6) to 57(4) x 57(2) x 7(1). Together with the additional 57(2) 
factor from the group H and using 57(4) ~ 50(6) and 57(2) x 57(2) ~ 50(4), we 
find the maximal compact subgroup 50(6) x 50(4) x 7(1) C 50(6,4)x7(l). The other 
real forms can be embedded in 50(6,4) x 7(1). The 75p(6) C 57(6) together with 
the 57(2) form the maximal compact subgroup of F 4 ^y Finally, G 2 (2) x 57(2, 1) can 
be embedded in 50(4, 3) x 50(3) x 7(1) with G 2(2) C 50(4, 3) and the 50(3) x 7(1) 
being the maximal compact subgroup of 57(2, 1). 

5.2 Examples of gaugings in £ , 7 (_ 5 )/50(12) x 57(2) coset manifold 

With this target manifold, the group G and representation Rq are given by -EV(-5) and 
7371. The corresponding embedding tensor lives in the representation 1 + 1539. This 
case is the same as N = 12 theory in which the scalar manifold is uniquely determined 
to be i?7(_5)/50(12) x 57(2) ||. Some admissible gauge groups have already been 
given in ||. We simply repeat them here for completeness. 
They are given by: 



• SO(p) x 50(12 - p) x 7(1) for p = 0, ... 5, 50(6) x 50(6), 
and SO* (12) x 5L(2,M) 

• E m x 7(1) 

• ^(-20) x 57(2) 

• G 2(2) x 75p(6) . 



50(6, p) x 50(4 -p) x 7(1) 
50(4, p) x 50(6 -p) x 7(1) 



l-<5; 



p = 0,l,2,3,4, 
p = l,2,3,4 



(5.1) 
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5.3 Examples of gaugings in Es(-2A)/E 7 x SU(2) coset manifold 



In this case, the group G and representation R are given by i?8(-24) and 27000. The 
corresponding embedding tensor lives in the representation 1 + 3875. This case is 
similar to the maximal N = 16 theory but with different real form of Eg namely 
the group G is £Ws) for the maximal case. The study of scalar potentials for some 



semisimple gauge groups has been given in [33]. The suitable real forms of the following 
subgroups can be gauged: -D 4 x D 4 , G 2 x F 4 , E e x A 2 and Ey X A\. 
Some admissible gauge groups are given by: 

• 50(4,4) x 50(8), 50(7,1) x 50(5,3) and 50(6,2) x 50(6,2) 



or 



SO(8-p,p) x 50(4 + p, 4 -p), p = 0,1,2 

• F 4 x G 2 (2), -^4(4) x 2 and F 4 (_ 20 ) x 2 ( 2 ) 

• E 6 x SU(2, 1), £ 6(2) x 5*7(2, 1) and £ 6( _ 26) x 57(3, M) 

• E 7 x 5*7(2) and £ 7( _ 25) x 5L(2,E) . 

The 50(4, 4) x 50(8) and other real forms can be embedded in the maximal subgroup 
50(12, 4) C £ 8( _ 24) . Using the decompositions E 7 x SU{2) F 4 x 5C/(2) x SU{2) and 
x SU(2) — ► G 2 x USp(6) x 5*7(2), we immediately see the embedding of F 4 x G 2 (2) 
and F 4 (4) x G 2 , respectively. The embedding of the real form F 4 (_ 20 ) x G 2 i2) can be seen 
as follow. We first decompose 50(12,4) -> 50(9) x 50(3,4). The 50(9) becomes the 
maximal compact subgroup of F 4 (_ 2 o), and G 2 ( 2 ) is embedded in 50(4,3). Using the 
embedding of E§ x U{1) C E 7 , we can see the embedding of E% x SU{2, 1) while the 
decomposition E 7 -> 50(12) x 5f/(2) -> f/(6) x 5t/(2) gives the embedding of E 6(2 ) x 
SU(2,1). Finally, £? 6 (_ 2 6) X 5L(3,M) is embedded in i?8(-24) via the decomposition 
E 7 x 5C/(2) -»■ F 4 x 5C/(2) x 5C/(2) with the maximal compact subgroup 50(3) of 
5L(3, R) being 5f/(2)di a g- The 112 non-compact generators of i?8(-24) transform as 
(56, 2) under _E 7 x SU{2) which is further decomposed into (26, 2, 2) + (1, 4, 2) under 
F 4 x SU{2) x 5C/(2). Under F 4 x 5f/(2) diag , they transform as 

(56, 2) (26, 1) + (26, 3) + (1, 3) + (1, 5). 

The (26, 1) enlarges the F 4 to _E' 6 (__ 26 ) while the (1, 5) becomes five non-compact gen- 
erators of 5L(3, R). 
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6. Conclusions 



In this paper, we have studied gaugings of N = 4 gauged supergravity in three dimen- 
sions. The scalar target spaces considered here are in the form of the exceptional coset 
spaces. In the G 2 (2)/50(4) case, we have listed all admissible gauge groups as well as 
study their scalar potentials and some of the corresponding critical points. We have 
pointed out that the 50 (3) x T 3 cannot be gauged since this gauge group cannot be em- 
bedded in the C?2(2)- This immediately leads to a puzzle. The ungauged version of this 
theory can be obtained from T 2 reduction of the minimal (N = 2) supergravity in five 
dimensions. It has been proposed in || that the three dimensional gauged theory with 
scalar manifold G2(2)/50(4) and gauge group SO (3) x T 3 would describe the N = 2 
five dimensional supergravity reduced on an S 2 . The spectrum of the Kaluza-Klein 



reduction has been studied in and [36] together with its dual SCFT. On the other 
hand, it has been pointed out in [3JJ that although the symmetry of the T 2 reduction 
of the minimal supergravity in five dimensions get enhanced to G212), there does not 
seem to be a possibility of a consistent 5 2 reduction. This is precisely in agreement 
with what has been found here. It could be that the consistent S 2 reduction at the full 
non-linear level may not exist. It is interesting to find the three dimensional description 
of this reduced theory if the reduction can be achieved. 

For the theory with F 4 ^/USp(6) x SU(2), we have identified some gauge groups 
which are maximal subgroups of ^4(4) ■ As one of the main results of this paper, we have 
constructed an N = 4 theory with gauge group 50(4) x T 6 . The resulting theory is 
on-shell equivalent to Yang-Mills gauged supergravity with 50(4) gauge group accord- 
ing to the general result of 0. So, we expect that the 50(4) x T 6 gauged supergravity 
with F4U)/USp(6) x SU(2) scalar manifold can be obtained from the 5 3 reduction of 
the (1, 0) six dimensional supergravity coupled to two vector and two tensor multiplets. 
In this case, it is also interesting to study its explicit reduction in the same way as the 
reduction on the SU(2) group manifold studied in |i~4| , |i~8 | and |19|]. From the general 
results of [34], there do not seem to be any obstacles in this case. Furthermore, we have 
shown that the theory constructed here admits both AdS and dS vacua at L = I de- 
pending on the value of the coupling constants. The situation is very similar to iV = 4 
gauged supergravity in four dimensions with SU (2) x SU (2) gauge group in which the 
relative values of the two couplings determine whether the vacuum is a supersymmetric 
AdSi or a non-supersymmetric dS 4 solution, see for example the discussion in p7| . 

We end the paper by considering some examples of admissible gauge groups in the 
case of E m /SU{Q) x SU(2), £ 7( _ 5) /50(12) x SU(2) and E 8{ _ 24) /E 7 x SU{2) scalar 
manifolds. All of the gauge groups presented here are maximal subgroups of the cor- 
responding global symmetry G. The detailed study is needed in order to find a larger 



- 19 - 



class of admissible gauge groups for these theories. It is of interest to study their non- 
semisimple gaugings which might give some insights to the higher dimensional origin 
of these theories. 

It could also be interesting to study the scalar potentials as well as the correspond- 
ing critical points for the gauge groups identified here. This is useful in the study of 
holographic RG flows describing the deformations of the dual SCFT's. We hope to 
come back to these issues in the future works. 
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A. Essential formulae 

In this appendix, we collect some useful formulae for three dimensional gauged super- 
gravity with symmetric scalar target manifolds. We also give some details about the 
explicit construction of the coset space G f 2(2)/5'0(4) and F^/USp(6) x £77(2) which 
are used in the main text and might be useful for further investigations. 

We begin with the formulae for a symmetric space of the form G/H in which G 
and H are the global and local symmetry groups, respectively. The G algebra is given 
by 

^ T /j ;T ^Lj = _ AS [i[K T L]j]^ [T IJ ,Y A ] = --f IJ ' AB Y B , 
[r,i^] = f a ^X\ [X a ,Y A ] = h a B A Y B , 

[Y A , Y B ] = ]f AB T IJ + \c a ^ AB X* (A.l) 
4 o 

T /J, s and l"'s generate SO(N) x H', and F A 's are non-compact generators transform- 
ing in a spinor of SO(N). We refer the reader to M for other notations. The coset 
representative L transforming under G and H by left and right multiplications can be 
used to define the map V by the relation 

L~H M L = -V M U T IJ + V M a X Q + V M A Y A . (A.2) 
2 
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The metric on the target space gr^ can be computed from the vielbein ef which is in 
turn encoded in 

L~ x diL = -Ql J T IJ + QfX a + e?Y A , (A.3) 

where Q\ J and Qf are the composite connections for the SO(N) and H', respectively. 

Given the map V from the T-tensor can be straightforwardly computed 

from the embedding tensor by using ( |2.6| ). In order to compute the scalar potential, 
we need to construct the A\ and A 2 tensors. They are given in terms of the T-tensor 
components by || 

aIJ _ 2 rpIM,JM j 2 ?IJrpMN,MN 

1 N -2 (jV-l)(JV-2) 

AlJ _ _rpIJ _| 4 rM(ImrpJ)M I 1 cIJ rKL mrpKL / A 4 \ 

2i _/y ^AT(AT-2) ; j m JV(iV-l)(iV-2) J 3 m ' [ ' ; 

These two tensors together with the third one, A3, appear in the gauged Lagrangian 
as fermion mass-like terms ||. Finally, the scalar potential can be computed by using 

V = -i^ 2 [A[ J A[ J - l -Ng^A[{A^ . (A.5) 

A.l Useful formulae for G 2(2) /SO(A) coset 

We give the explicit form of the various V maps and T-tensors for all the gauge groups 
studied in the case of G 2(2) /SO (A) coset manifold. These are relevant for computing 
the corresponding scalar potentials. The repeated indices are summed over the given 
values. 



5*0(4) gauging: 



V (1) , (2) ^ = -^(L-Vf^LT"), 
V (1)>(2) ^ = ^(L- 1 jf ^LY A ), i = l,2, 3, 



T IJ > KL = g (V { 2^ IJ V ( 2^ KL - 3V (1) ^ J V (1) ^ L ) , 
T UA = g {V ( 2) l > LJ V ( 2) lA - SV^V^) (A.6) 



SX(2,R) x SL(2,R) gauging 

1 
3 



V (1U ^ IJ = ~Tr(L-^LT^ 



V(i),(2) l ' A = ^{L^jf^LY^, i = l,2, 3, 



T IJ > KL = g (V { ^ IJ V { ^ KL - ^ IJ V {l f KL ) < L(2) , 
T IJA = g (V (2) ^ J V (2) ^ - 3V (1 /' /J V (1) ^) 4 L (2) (A.7) 
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• £77(2,1) gauging: 

V aIJ = ~Tr(L- l Q a LT IJ ), V a ' A = ^Tr(L- 1 g a LF A ), a = 1, . . . , 8, 

T U,KL _ gyaJJyb&L^SU&X) ^ 
T U,A = gV a,IJ v b,A v SU(2,l) (Ag) 

• SX(3, R) gauging: 

V a ' /J = -^(L-^LT"), V a ' A = ^Tr(L _1 # LY A ), a = 1, . . . , 8, 

rpIJ,KL _ gya,IJyb,KL^SL(3) 
T U,A = gyaJJyb^m ( A .9) 

The three almost complex structures are given by 

fio\ ( 1\ /0 1 

/2 = - n ® -, n ® 



1/ V -1 J V 1 



. 1 o \ /on / 1 o 

/s = - [ n , ® 



The full tensor / /J can be straightforwardly obtained by the relation ( [2.11 ). 

A.2 Useful formulae for F m /USp(6) x SU{2) coset 
The R-Symmetry group SU{2) ~ £0(3) is generated by 

T 12 = \{c b2 - c 21 ), T 13 = ~{c hl + c 35 ), T 23 = -i(c 36 - c 50 ). (A.ll) 
The generators for the group H' — U Sp(6) are given by 



9* = 


71' 2 = 1 " 

1, , 

- (C 2 1 + c 52 j, 


..,10, 








2 ( C 50 + c 36); 


9n = 


9l2 = 


\ip*x 


— C35), 


913 = 


9i4 = 


- (c 2 2 + C 38 ), 


9l5 = 


2 (C23 


- C37), 


916 = 


1, . 
- (C 2 4 + C41), 


qn = 


^(c 25 + c 44 ), 


918 = 


^26 


- C39), 


919 = 


^(C 27 -C43), 


q2o = 


^(C 28 + C 42 ), 


921 = 


^29 


- C 40 ). 







(A.12) 
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Finally, the 28 non-compact generators are 



Yi = 


-(C22-C38), 


^2 = 


1 1 \ 
= ^{C23 + C37), 


^3 = 


-(C 24 - C41J, 


Y 4 = 


* ( \ 
-ic 2 5 — C44J, 


Y 5 ~- 


1 ^ 

- 2^ C26 ~^ ° 39 ^ 


Y 6 = 


-(C 2 7 + C43), 


Y 7 = 


i 1 \ 

2<C28 - C42), 


Y 8 ~- 


i 1 \ 

= 2 ( C 29 + C 40j, 


Y 9 = 


i 1 \ 

+ c 30 ), 


Y 10 = 


2IC12 + C31), 


Y u 


= ^{Cl3 + C32), 


Y 12 


^ \ 

— 2 v Cl4 C33 ' ) ' 


Y\z = 


2(^15 + C34), 


Y u 


= 2CCI6 + C45J, 




= 2^ Cl7 + C46 )' 


YlB = 


i 1 \ 

-(Cl8 + C47), 


Yvr 


i 1 \ 
= -(C19 + C 48 ), 




= -(c 2 o + c 49 ), 


Y 19 = 


% , . 
-( c ll - c 3o), 


^20 


i , , 
= 2^12 -C31), 


Y21 


= 2-(ci 3 - c 32 ), 


Y22 — 


|(C14 - C33), 


^23 


= ^( c 15 - C34), 


Y24 


= ^( c 16 - C45), 


Y 25 = 


-(Ci 7 — C 46 ), 




= 2~( c 18 _ C 47)> 


Y27 


= 2~( Cl9 ~~ C48 )' 


Y28 = 


^(c 2 o - Qg)- 











(A.13) 

The f IJ tensors can be computed by using [T IJ , Y A ] in the G algebra. With a suitable 
normalization, they are given by 

f A J B = -2Tr{Y B [T IJ ,Y A ]). (A.14) 

We now give various components of the V map. They are computed by 

V A abJJ = --Tr(L- 1 J ab LT IJ ), V B ab ' IJ = - -Tr (L-H ab LT IJ ), 
3 3 

V A ab > A = -TriL-iJ^LY*), V B ab ' A = -Ti{L~H ab LY A ). (A.15) 
3 3 

The T-tensors are given by 

T IJ ' KL = 9l (V A abJJ V B cd ' KL + V B ab ' IJ V A cd ' KL ) e abcd 
+g2V t3 ab ' IJ V t3 cd > KL e abcd , 
T IJ > A = 9l (V A abJJ V B cd > A + V B abJJ V A cd > A ) e abcd 

+92V B ab ' IJ V B cd > A e abcd . (A. 16) 

In the above equation, rather than using the self-dual and anti-self-dual SU(2)± basis, 
we have used the 5*0(4) basis, and the appearance of e abc d, instead of the S ac S b d, takes 
care of the relative minus sign between the SU(2) + and S77(2)_. With the above given 
formulae, the scalar potential can be directly obtained. 
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